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Theoretical analysis of the behavior of a centrally injected band in
a homogeneous chromatographic column
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Abstract

A new implementation of the equilibrium–dispersive model permits the study of problems requiring two-space dimensions
for their modeling, such as a nonhomogeneous column with a cylindrical symmetry, a nonplanar injection with a cylindrical
symmetry, or a cylindrical central injection. The migration and broadening of a cylindrical band coaxial with the column but
narrower, moving along a homogeneous column is studied. The axial and radial profiles of the band inside the column and
the elution profiles are calculated. These profiles depend on both the radial and the axial dispersion coefficients. The radial
dispersion coefficient decreases with increasing mobile phase velocity and is usually low, much lower than the axial
dispersion coefficient. Thus, the material in a relatively wide central injection made on a wide bore column may never have a
chance to get close to the column wall. The clearance required at injection is estimated.  1998 Elsevier Science B.V. All
rights reserved.
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1. Introduction distribution of the column properties (e.g., of the
local mobile phase velocity) affects considerably

Actual chromatographic columns are not entirely band propagation and band broadening. So, if a zone
homogeneous as has been postulated in almost all injected centrally does not spread sufficiently in the
theoretical studies undergone so far on the migration radial direction for any significant amount of solute
and broadening of band profiles under linear or to interact with the wall region, its behavior will
nonlinear conditions [1]. Various experimental results depend only on the properties of the homogeneous
[2–14] have shown that, in most cases, the packing core region and the column efficiency could be
density and the permeability of a column are differ- excellent [2–9]. By contrast, if the zone penetrates
ent in the central core region of the packing and inside the wall region, the difference in migration
along the column wall. A zone of packing along this properties between wall region and the core results in
wall seems to have properties which are markedly poor column performance. Results obtained with
different from those of the column core. The radial wide [2–4] and narrow [5–7] analytical columns

tend to suggest that the wall region has a nearly
constant thickness, when expressed in average par-*Corresponding author. Address for correspondence: Department
ticle diameters. However, more recent data obtainedof Chemistry, 575 Buehler Hall, University of Tennessee,
with preparative columns [8,9] show quite a differentKnoxville, TN 37996-1600, USA.

1Present address: Chiral Technologies Inc., Exton, PA, USA. picture. The thickness of the ‘‘wall layer’’ increases

0021-9673/98/$ – see front matter  1998 Elsevier Science B.V. All rights reserved.
PI I : S0021-9673( 98 )00663-3



20 T. Yun et al. / J. Chromatogr. A 828 (1998) 19 –35

with increasing column diameter and depends on the
packing procedure used. Data are still lacking on
actual preparative columns and we do not know
whether a proportionality relationship applies. Fur-
thermore, the mechanism through which this radial
layering occurs is still unknown, although it is now
established that this has much to do with friction of
the bed of packing material against the column wall
[14–16]. Fig. 1. Representation of the profile of the injection band.

Bands do disperse at different rates, following Duration t , radius R , length ut in the mobile phase justp inj p

upstream the column inlet. Depending on the case, the centraldifferent mechanisms in the axial and the radial
injection area is 0.01, 25, 50, or 80% of the total columndirections, as first demonstrated by Knox and co-
cross-sectional area. In all cases, the loading factor is 10% basedworkers [2,3] and by Eon [4]. Their results have
on mass of stationary phase in a column of length L and radius

been confirmed by recent, systematic determinations R . The column length is 15 cm, its radius, 5 cm, with an aspectinj

by pulsed field gradient (PFG) nuclear magnetic ratio of 3. Pe 52000.a

resonance (NMR) of the axial and transverse disper-
sion coefficients in a 25 mm I.D. column, as a
function of the mobile phase velocity [10–12]. A 20–25% of the column radius [6–9]. If we keep
high coefficient of radial dispersion would help in constant the concentration of the injected sample, in
keeping the band profile flat and narrow in the order to keep constant the local degree of overload-
direction of the column axis, in spite of local ing of the stationary phase in its core region, the high
inhomogeneities of the packing. However, radial values would result in a considerable decrease of the
dispersion is slow, dispersion is an inefficient mass sample size at a given degree of column overloading.
transfer process over long distances, and there does While the increased resolution between bands would
not seem to exist any methods to accelerate it. On be important, allowing a significant increase in the
the contrary, preparative chromatography tends to be column overload, it is probable that the balance
carried out at relatively high mobile phase flow between all these changes would bring a loss of
velocities [1], at which the axial height equivalent to production rate, possibly an unacceptable one. The
a theoretical plate (HETP) is higher than the mini- low value of the sheath thickness would result in a
mum, while the transverse dispersion coefficient, relatively small loss of production rate for a marked
which decreases monotonically with increasing flow increase in the resolution, and a possibly attractive
velocity [10–12], is at least several times lower. compromise, allowing the production of purer frac-

Thus, it appears potentially attractive to proceed to tions with a higher recovery yield (at constant degree
a centrally located injection, provided that only a of column overloading) or a higher production rate
narrow annulus along the column wall would be kept (at constant band resolution).
free of sample, a thin sheath of pure liquid phase The experimental investigation of this approach to
being pumped along the wall, at the column inlet, determine the optimum sheath thickness and loading
during the feed injection [3]. Besides the convention- factor will be time consuming and expensive because
al width or duration of the injection, we introduce a wide bore columns, of at least 10 to 15 cm in
second parameter, its radial width, or ratio of the diameter, must be used to acquire meaningful in-
radius of the injected band to the column radius (Fig. formation. Before undertaking such a study, it is
1). The zone would interact only with the most useful to calculate the broad lines of a possible
homogeneous region of the packing, providing a compromise. For this purpose, we need first to solve
better resolution between the separated bands [9]. two different problems. First, we must calculate the
The thickness of the sheath should be of the same migration of a centrally injected band in a homoge-
order as the thickness of the heterogeneous wall neous column and its broadening in the axial and
region. Depending on the homogeneity of the col- radial directions. Second, we must calculate the
umn bed, this wall layer varies from a few percent to influence that a thin layer of packing against the
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column wall, with properties (e.g., apparent density, equation of the equilibrium–dispersive model for a
permeability, flow velocity, apparent axial dispersion linear column is written
coefficient) different from those of the core region 2

≠C ≠q ≠C ≠ Cmay have on the apparent performance of the ] ] ] ]]1 F ? 1 u ? 5 D (1)a 2≠t ≠t ≠z ≠zcolumn. The solutions of these two problems require
a program implementing the numerical integration of where C and q are the solute concentrations in the
the mass balance equation of the equilibrium–disper- mobile and stationary phase, respectively, t is the
sive model of chromatography in three dimensions, time, z is the distance along the column, F is the
the two-dimensional space (z, r) of a cylindrical phase ratio (F5(12´) /´, with ´, total column
column and time. We have recently developed such a porosity), u is the mobile phase flow velocity, and Daprogram [17,18]. The solution of the second problem is the apparent dispersion coefficient [1]. The rela-
requires, in addition, the modeling of the physical tionship between the apparent dispersion coefficient
structure of the wall region, as opposed to the core and the column HETP under linear conditions is
region of the column. The systematic and abundant given by
experimental data required to discuss this issue are

2Dbeginning to be available [14]. We report here on the a
]]H 5 (2)asolution of the first of these problems, on the u

broadening of centrally injected bands.
Since the equilibrium–dispersive model assumes

that the mobile and stationary phases are in equilib-
rium everywhere in the column, at any time, the2. Theory
concentrations q and C in Eq. (1) are related by the
isotherm equation. Usually, a Langmuir isothermWe first recall briefly the fundamental characteris-
model is assumed in theoretical works such as thetics of the equilibrium–dispersive model [1], then
present onediscuss in detail the changes that must be made

properly to model either a cylindrical, heterogeneous aC
]]q 5 (3)column [17] or the migration of an injected pulse 1 1 bC

which has a rectangular profile along the column
where a and b are numerical coefficients.axis, is coaxial to the column (assumed to be

The initial and boundary conditions used are thosehomogeneous in this work) but has a diameter
of elution chromatography. Initially, the column issmaller than the column. The profile of this injection
percolated by a stream of pure mobile phase inis represented in Fig. 1.
equilibrium with the stationary phase, with no solute
present. A pulse of solute of defined profile, usually2.1. The equilibrium–dispersive model
a rectangular pulse of height C and width t is0 p

injected, beginning at the origin of time.The equilibrium–dispersive model assumes that
mass transfer across the column is instantaneous and
that the mobile and stationary phases at any point in 2.2. The mathematical model of a cylindrical
the column are constantly in equilibrium [1]. The column
actual influence of the mass transfer resistances,
which are never negligible, is taken into account by The simplest deviation from a homogeneous col-
including it with axial diffusion into an apparent umn with a flat injection band is a column having a
axial dispersion term. Thus, in this model, the cylindrical symmetry. In this case, the concentration
apparent axial dispersion coefficient includes contri- distribution at a given time of a band migrating along
butions for axial diffusion, eddy diffusion and the the column depends on the position, z, and the
mass transfer resistances. We give only a brief distance, r, from the column axis. It does not depend
summary of the characteristic features of this model, on the azimuthal angle around the column axis. The
for the sake of comparison. The mass balance differential element of the column is a ring of axial
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thickness dz, limited by the cylinders of radii r and uL L
] ]r1dr. In this element, the mass balance is written Pe 5 5 2 ? (6d)a D Ha a

≠C
2 ]S D≠ r uL LD≠C ≠q ≠C ≠ C r ≠r ] ]Pe 5 5 2 ? (6e)] ] ] ]] ] ]]]1 F ? 1 u ? 5 D ? 1 ? ra 2 D H≠t ≠t ≠z r ≠r r r≠z

(4) L
]F 5 (6f)Rwhere D is the radial dispersion coefficient, relatedr

to the radial plate height by where L is the column length and R its radius.
Combination of Eqs. (4), (6a)–(6f) gives the mass2Dr

]H 5 (5)r balance equation in reduced coordinates:u

≠CThe axial plate height is still related to the ]≠ r2 S D≠C ≠q ≠C 1 ≠ C F ≠rapparent axial dispersion coefficient by Eq. (2).
] ] ] ] ]] ] ]]]1 F ? 1 5 ? 1 ?2≠t ≠t ≠x Pe Pe ≠rAlthough, in the general case, D and D could ≠xa ra r

both be functions of the coordinates z and r and of
(7)

the concentration, we assumed in writing Eq. (4) that
they are constant. We will also assume in this work

There are four parameters in this equation, F, Pe ,athat the column itself is homogeneous. Accordingly,
Pe and F. In practice, it is extremely difficult, if notrwe will not encounter the difficulties found in a
impossible, to adjust the first one, F, which is mostlyprevious work [17] regarding the assumption that
a property of the packing material and its internalthere is no convective transport in the radial direction
porosity. However, F depends on the packing den-of the column. Since the column is supposed to be
sity, through the external porosity or fraction of thehomogeneous, there are no radial variations of the
column volume available to the stream of mobilepacking density, hence the column porosity, its
phase percolating through the column packing. Re-permeability, and the retention factors are constant
cent results have shown that the packing densitythroughout the bed. Streamlines remain parallel to
depends somewhat on the stress applied to thethe column axis. With a homogeneous column, the
column packing during the preparation of the columnneed to consider the radial dimension arises from the
[14,19]. Still, it does not seem possible to use anuse of a boundary condition that is a function of the
adjustable external stress to modify significantly, atradial position.
will, the column properties. By contrast, the otherThe presentation of numerical solutions of Eq. (4)
three parameters are easily adjustable. Note that bothand their discussion are greatly simplified if some
D (Eq. (2)) and D (Eq. (5)) are functions of thea rreduced variables are introduced at this stage. These
flow velocity through the corresponding plate heightare the reduced axial position (x), the reduced
equation. Thus, the Peclet number ratio, Pe /Pe ,a rcolumn radius (r), the reduced time (t), the axial
does not remain constant when this velocity is(Pe ) and radial (Pe ) column Peclet numbers (notea r
changed.that these two Peclet numbers are different from the

The initial condition of the elution problem is aconventional particle Peclet number or reduced
column under hydrodynamic steady-state, with thevelocity, n 5ud /D ), and the column aspect ratiop m
mobile and stationary phase in thermodynamic(F ) which are defined as follows
equilibrium, but empty of sample

z
]x 5 (6a)L C(x, t 5 0) 5 0 0 # x # L (8)

r
]r 5 (6b) For a central injection, coaxial with the column,R

the boundary condition in the axial direction is theut
]t 5 (6c) injection of a rectangular pulse of duration t in thepL
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central area of the column, with a radius R (R ,inj inj ≠C
2R). The condition is written as follows ]S D≠ rD≠C ≠C ≠ C r ≠r

] ] ]] ] ]]]1 u ? 5 D ? 1 ? (11)a 2≠t ≠z r ≠r≠zC(x 5 0, t) 5 C 0 # r # R 0 # t # t (9a)0 inj p

This equation describes the migration of a central-
ly injected band of a nonretained component alongC(x 5 0, t) 5 0 R , r # R 0 # t # t (9b)inj p
the column. The initial and boundary conditions
remain the same (Eqs. (8), (9a)–(9c), (10a), (10b)).C(x 5 0, t) 5 0 t , 0 t . t (9c)p Eq. (11) has been studied by Klinkenberg et al. [20]
with different boundary conditions, corresponding towhere C is the initial concentration of the solute in0 a constant flow-rate in a cylindrical tube (Hagen–the sample. Thus, the injected amount is n5

2 2 Poiseuille profile) with a local source of concen-C t F R /R (a number of moles), where F is the0 p v inj v tration C in a point of the column axis. Thus, themobile phase flow-rate. The loading factor density
0 analytical solution derived is of limited use in thealong the column axis is L 5ut C / [L(12´)q ]. Thef p s chromatographic problem which has an entirelydegree of overloading of the phase system does not

different boundary condition (flat velocity profile,depend on R as long as the concentration in theinj finite width of the injection source, pulse injection).center of the band is not affected (see later discus-
Eq. (11) was also studied by Gunn [21] whosion).

derived an analytical solution for a set of boundaryThere are also two boundary conditions in the
conditions similar to those corresponding to ourradial direction. They state that (i) no concentration
problem. Gunn considered the same problem as ours,can penetrate inside the column wall and (ii) the
for a radially heterogeneous packed column. How-concentration distribution is symmetrical around the
ever, he was not interested in chromatography andcolumn axis, i.e., that the radial gradient of con-
assumed that there was no retention. At a time whencentration is 0 at the wall (i) and at the column axis
there were no computers, he simplified the problem(ii). Hence
by considering a homogeneous core layer and a
homogeneous wall layer, the two layer having differ-≠C

]5 0 for r 5 R (10a) ent properties (cross-section areas, permeabilities,≠r
coefficients of axial dispersion, velocities). This

≠C model is similar to a wall-coated open tubular
]5 0 for r 5 0 (10b) column (i.e., a Golay column) in liquid chromatog-≠r

raphy, except that the mobile phase flows also,
The system of equations just described has no although at a lower velocity, in the layer of station-

analytical solution. Numerical solutions can be ary phase, along the column wall. This is not a
calculated using a suitable program [17,18]. sufficiently realistic model for our purpose.

Finally, Eon [4] adapted the solution of Klinken-
berg et al. [20] to the chromatographic problem,2.3. Special cases
solving Eq. (4) for different boundary conditions, not
explicitly stated but which seem to correspond to theThere are two special cases to consider for the 2injection of a centrally located d pulse, infinitelysystem of Eqs. (4), (5), (6a)–(6f), (7), (8), (9a)–(9c)
short in injection time and infinitely narrow in radiusbecause they have been discussed previously in the
but containing a finite amount of material. The radialliterature. They are the cases in which there is no
distribution of the concentration at the column exit,retention, i.e., when q;0;C, and in which the
when the maximum of the band is being eluted (i.e.,equilibrium isotherm is linear (i.e., q5aC).
‘‘when half the peak has left the column’’ [4]), was
calculated for columns of different lengths. In the

2.3.1. No retention results reported, the column length was scaled by the
If there is no retention, Eq. (4) simplifies into length, L , for which the peak variance (in the radial1
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direction) is one-quarter of the column radius. It is no analytical solution but it is possible to write
easy to show that this distance is given by simple computational schemes for the calculation of

its numerical solutions, using finite difference algo-2 2R 1 R 1
rithms [1].] ]] ] ]]]]L 5 ? 5 ? (12a)1 d 16h d 16 2g/n 1 Ds dp r p In the case in which only one-space dimension is

] considered, the forward–backward numerical schemePeR r has, over alternative ones, the advantage of being] ]5 (12b)œ4 2 much faster. In this scheme, there is a simple
relationship between the time and space integrationEq. (12a) was derived by Eon [4]; it is equivalent
increments and the apparent axial dispersion coeffi-to Eq. (12b) with our definitions. Obviously, for a
cient or the axial HETP of the column. With thecolumn length equal to L , the radial distribution of1
forward–backward numerical scheme, for example,concentration at elution is practically identical to a
the calculation of numerical solutions of the idealGaussian curve having a standard deviation equal to
model (D 50 in Eq. (1)) should be carried out withone-quarter of the column radius (at the column wall, a

increments equal toi.e., at four standard deviations from the apex, the
24relative height of a Gaussian profile is 3.4?10 so

Hathe presence of the wall causes only a negligible ]]dz 5 (14a)A 2 1perturbation anywhere, except in its immediate prox-
imity). The presence of the wall begins to affect the 9aH 1 1 ka 0

]] ]]dt 5 ? (14b)radial profile for column lengths between 2L and1 A 2 1 u
4L [4]. Note, however, that we are interested here in1

where A is the Courant number of the problem,the injection of bands which have a wide rectangular
9A5udt /(11k )d , which must be larger than 1 withprofile, both in the time and the radial dimensions. 0 z

this calculation scheme [1]. This calculation methodAccordingly, the radial profile of the band will be
proves to be extremely fast and the solutions ob-affected for lengths shorter than L . So, we cannot1
tained are in excellent agreement with those given byuse this analytical solution and must calculate nu-
more conventional methods [1]. This makes themerical solutions.
approach most attractive for the numerical calcula-
tion of solutions of Eq. (4), a calculation which is2.3.2. Linear isotherm
much longer since the problem has now one moreIn this case, the isotherm is written: q5aC and the
space dimension. Thus, a finite difference algorithmmass balance equation (Eq. (4)) simplifies to
based on the same principles as the forward–back-

≠C
ward scheme used with columns having a single]≠ r2 S DD≠C ≠C ≠ C ≠rr space dimension, was developed and programmed.] ] ]] ] ]]]1 1 Fa ? 1 u ? 5 D ? 1 ?s d a 2≠t ≠z r ≠r≠z The details of this program are discussed elsewhere

(13) [17,18].
Several series of numerical calculations have been

Eq. (13) is very similar to Eq. (11) because done to illustrate the influence of the main parame-
(11Fa) is a constant. The solutions obtained for Eq. ters, the radial dispersion characterized by Pe , ther

(11) can easily be extended to Eq. (13). aspect ratio (F 5L /R), and the relative width of the
injection, R /R. The latter is represented by threeinj

2.4. Numerical algorithm and calculations groups of calculations. The first two groups, with
values of the relative width of 0.010 and 0.50,

2The model described by Eq. (4) and an isotherm corresponding to fractions (R /R) of the maximuminj

model such as Eq. (3) is an extension of the possible feed amount (cross-section injection) of
conventional equilibrium–dispersive model (Eq. (1)) 0.01% and 25%, respectively, correspond to elutions
to problems with two space-dimensions, e.g., to the under infinite column diameter conditions. The third
case of a column with cylindrical symmetry. It has group includes injections with relative width of 0.70
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and 0.90 (relative amounts, 0.50 and 0.80, respec- column is obtained by stating that the variance of the
tively) that give bands which eventually interact with band in the radial direction is equal to the sum of the
the wall before their elution. Obviously, these results radial variance of the injected band and of the
depend much on the values of the other two main variance increase during the band migration along
parameters, the aspect ratio and the radial Peclet the column
number. 2 2R R Lzinj inj2 ] ] ]s 5 1 H z 5 1 2 ? (15)r r3 3 Pe2.5. Infinite column diameter conditions r

In writing Eq. (15), it was assumed that the axial
A rigorous study of the behavior of a wide coaxial cross-section of the injection band profile is a

injection band can be made only by calculating rectangle of width w52R hence second momentinjnumerical solutions of Eq. (4) with the boundary 2 2M 5w /125R /3. The column is operated under2 injconditions given in Eqs. (8), (9a)–(9c), (10a), (10b). infinite column diameter conditions as long as the
However, it is possible to use an approach traditional radial width of the band (i.e., 4s ) is less than therin chromatography in order simply to derive approxi- column diameter (a condition supported by the
mate estimates of the behavior of such a band during calculations of Eon [4] discussed in Section 2.4), i.e.,
its migration along the column. The problem has
been studied first by Knox and Parcher [26] in linear 4s # 2R (16a)r

liquid chromatography with an injection band which
24Rwas narrow compared to the column diameter (see Lzinj 2]] ]1 8 ? # R (16b)the boundary condition used by Eon [4] and de- 3 Per

scribed in the discussion leading to Eqs. (12a) and
and, at the end of the column (i.e., for z5L):(12b)). We now generalize this approach to the case

of a wide injection band. Under nonlinear conditions, 2 2R4 8 LinjS Donly qualitative results may be obtained, however. ] ] ] ]S D? 1 ? # 1 (16c)3 R Pe RrElution under infinite column diameter condition
]]]]]]]is typical of the early applications of analytical 2R L 8inj

] ] ]S D# 0.75 1 2 ? (16d)column chromatography. With on-column syringe F GR R Peœ rinjection, the injected band was narrow in the radial
dimension and short. The band dispersed too slowly As will be made clear by the results of the
in the radial direction for the concentration to reach a calculations detailed later, it is difficult to achieve
finite value at the column wall before the band leaves sets of experimental conditions in preparative chro-
the column. The advantage of this practice was that matography which do not fulfil Eq. (16c). For
packed columns (especially those prepared by a dry example, typical (see later discussion) values of Per

packing method) tended to have a much lower and L /R would be 10 000 and 3, respectively; Eq.
efficiency close to their wall than in their center (in (16c) would be satisfied for R /R#0.86. Note,inj

dry packing, there is a radial segregation of particle however, that Eq. (16c) overestimates the band width
size, the larger particles tending to concentrate close since the largest possible value of R /R given byinj

to the column wall [27]). If the band does not get Eq. (16d) is 0.866 (for Pe 5`).r

close to the wall, it remains in a region of the A better estimate of the condition for infinite
packing where the efficiency is high or reasonable. column diameter behavior can be obtained by con-
The radial width of the injected band, R the sidering the evolution through radial diffusion of theinj

column aspect ratio, i.e., the ratio F 5L /R, and the profile of a concentration step of width 2R endinginj

radial dispersion coefficient, D , are assumed to be in vertical discontinuities at both ends, at time t50.r

sufficiently small to meet the requirement of no wall We assume that the height of the concentration step
interference. remains constant because the amount of solute

9A reasonable estimate of the radius, R , of the involved in the radial diffusion is small. Then, atz

band at the position z during its migration along the time t5L /u, the profile is an erf function with a
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2 29variance s 52L /Pe and an inflection point lo- factor). Knox and Saleem [23] proposed to replacer r
2xthe intermediate term [o (2l ) /(11v n ] by acated at R . The practical width of the band is i i iinj

0.3392(R 12s ). The condition for infinite column simpler expression (An ) which is numericallyinj r

diameter is now equivalent in the range of velocities of practical
interest. This empirical equation is often preferred

9R 1 2s # R (17a)inj r for the sake of its simplicity. The experimental
] validity of Eqs. (18a) and (18b) has been establishedR L 2inj

] ] ]# 1 2 2 (17b) by direct measurements [24] and by PFG NMRR R Peœ r determinations of the dispersion in chromatographic
columns [10–12].For the typical values of Pe and L /R used abover

The experimental results obtained by Eon [4],(10 000 and 3, respectively), we find now that the
Baumeister et al. [10] and Tallarek et al. [11,12]relative width of the central injection should be no
show that the radial [4] or transverse [10–12]more than 0.915.
dispersion coefficient is usually much lower than theObviously, when the injection radius becomes
apparent axial dispersion coefficient. At typicalnegligible, Eq. (17b) reduces to the condition of
mobile phase velocities used in preparative liquidKnox and Parcher [26]:
chromatography (i.e., for values of the reduced2d c velocity between 4 and 20), the ratio D /D is almosta r]]L # (17c)16Hr always larger than 3, often between 5 and 10 and
sometimes (at high velocities) even somewhat largerKnox and Parcher had assumed that the axial
than that [4,10–12]. The reason for the considerableHETP was equal to 0.15d . This value is in agree-p difference between these two dispersion coefficientsment with the results of recent determinations by
is explained by the relatively large contribution ofPFG NMR [10–12].
the mass transfer resistance to the apparent axial
diffusion coefficient while this contribution has no
effect on the transverse coefficient. The mass transfer

3. Results and discussion resistance contribution increases rapidly with in-
creasing flow velocity. For example, in the case of

The most important parameter in this work is the the data published by Baumeister et al. [10], the ratio
ratio of the axial and transverse dispersion coeffi- D /D becomes equal to 2 for a reduced velocitya rcients. They are related to the axial and transverse approximately equal to 2. For a reduced velocity of
HETP, respectively (Eqs. (2) and (5)), and to the 3.5, it is 3.1. In the case of the data published by
mobile phase velocity through the Giddings [22] Tallarek and co-workers, the ratio D /D is equal toa requation by the following relationships: 2 and 10 for values of the reduced velocity of

2 approximately 2.5 and 22, respectively. CalculationsuH ≠sua a
]] ] ]]D 5 5 ?a have been made for values of the ratio D /D 5Pe /a r r2 2 ≠z

Pe (Eqs. (6d) and (6e)) between 5 and 20 althoughaud 2l2gp i most calculations were made with a ratio of 5. In] ] ]]]5 ? 1O 1 Cn (18a)S D2x2 n 1 1 v ni i view of the previous discussion, these values appear
as quite realistic.2 uduH ≠su 2gpt t Since D is much smaller than D , Pe is much] ] ]] ] ]S DD 5 5 ? 5 ? 1 D (18b) r a rr 2 2 ≠z 2 n larger than Pe (cf. Eqs. (6d), (6e), (7)). At the largea

with D , molar diffusivity, d , average particle size, values of the radial Peclet number which arem p

n 5ud /D , reduced velocity (or particle Peclet achieved at high mobile phase velocities, radialp m

number), and g tortuosity of the column bed. x is dispersion becomes slow and the radial width of the
usually assumed to be equal to unity. C and D are band increases moderately during its elution. As a
numerical coefficients which depend on the ex- matter of fact, such a phenomenon is clearly seen on
perimental conditions (e.g., particle size, retention the developed chromatoplates obtained in thin-layer
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chromatography (TLC), especially when these plates muir coefficient (Eq. (3)) along the vertical axis
are made with coarse particles and the velocity of the (bC), the (normalized) retention time (t 5t /t )R 0

mobile phase is high [25]. Such spots are elliptical, along the abscissa axis, and the (normalized) radial
with the axis parallel to the direction of development position along the ordinate axis (r 5r /R). The
much longer than the perpendicular axis, and have an retention factor is 5.4. At injection, the feed pulse
aspect ratio which is often in the range of 2 to 3 (the had a reduced radius of 0.50. Fig. 2b Fig. 2c Fig. 2d
aspect ratio of a TLC spot is equal to the average show a series of cuts of the band profile in Fig. 2a by
value of the ratio D /D during the development). the family of planes of equations X5t 5t /t 5const,a r 0

Still the range of mobile phase velocity achieved Y5r 5r /R5const, and Z5bC5const, respectively.
during the development of TLC plates is well below The profile obtained results from a combination of
the one reached in column chromatography, account- two phenomena. First, as under conventional con-
ing for a ratio Pe /Pe closer to unity than in column ditions, the band broadens in the axial directionr a

chromatography. because of overloading and its axial profile at any
radial position in the central area corresponds to a

3.1. Typical band profile conventional Langmuirian profile. This is illustrated
by profile No. 5 in Fig. 2b. Second, the band broaden

In order to illustrate more clearly the following radially, by diffusion. This is illustrated by the
discussion, we show the changes in band profiles profiles in Fig. 2c which are made of two symmetri-
obtained by changing one parameter at a time. Fig. 2, cal, rather steep error functions. Note, however, that
the reference figure for these comparisons, was the radial sections of the three-dimensional band
calculated with Pe 52000 (i.e., a column efficiency profiles are narrower in the steep region in front ofa

of 1000 theoretical plates) and Pe 510 000, corre- the ridge (corresponding to the self-sharpening frontr

sponding to a ratio D /D 55, typical of those observed in conventional chromatography (one spa-a r

observed in current practice (see above) [10–12]. tial dimension) than in the tail part (the diffuse rear).
The column length was L515 cm and its diameter, This is because the high concentrations move faster
2R55 cm. The column dimensions are typical of the than the low concentrations (with a langmuirian
rather fat columns actually used in preparative isotherm). The concentration which diffuse radially
chromatography. The equilibrium isotherm is given from the high concentration ridge to form the lateral
by the Langmuir equation (Eq. (3), with a512.0, part of the band are low, hence move more slowly
b50.024 and F50.45). In this work, the loading than the center of the band front, and they tend to be

9factor, L 5nb /(eSLk ) (n number of moles of com- left behind. This explains the shape of the iso-f 0

pound injected, S, column cross-sectional area), is concentration contours (Fig. 2d). They are straight in
calculated after the amount injected, the specific front of the band where they pile-up closely. They
saturation capacity of the stationary phase, and the broaden in the rear and their spacing increases.
amount of this phase in a column of length L and
diameter R . This loading factor is kept at L 50.10. 3.2. Influence of the main experimental parametersinj f

This means that the classical loading factor is 0.10?
2(R /R) and varies according to R . This choice The influences of the column efficiency (i.e., Pe )inj inj a

was made because it seemed more realistic to keep and of the sample size (or loading factor) on the band
constant the density of feed across the column inlet profiles are already well known [1] and will not be
rather than the amount of feed injected. In the case discussed again here. For the sake of simplicity, the
of Fig. 2, R /R50.50, hence the injection covers whole discussion will be limited to the case in whichinj

only a quarter of the cross-sectional surface area of the column efficiency is 1000 theoretical plates
the column and the operational loading factor is (Pe 52000) and the loading factor over the fractiona

0.025. of the cross-sectional area which is loaded with feed
The profile is illustrated in Fig. 2, with Fig. 2a is 10%. Since the loading factor is estimated for the

showing a false three-dimensional plot with the amount of stationary phase in the column of length L
product of the concentration and the second Lang- and radius R the stationary phase at the center ofinj
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Fig. 2. Elution of a band of relative radius R /R50.50, covering a fractional area of 25% of the column cross-section. This is the referenceinj

figure for further comparisons. Local loading factor, 10%; column length, 15 cm; aspect ratio, 3; Pe 52000; Pe 510 000. Mobile phasea r

linear velocity, u50.123 cm/s. t 5121.8 s. (a) Three-dimensional representation of the band profile in a t, r, bC space. (b) Plot of the0

concentration versus the radial position, r, at constant values of the reduced elution time (i.e., sections of the surface in (a) by planes
X5t /t 5t 5const). Values of t : curve 1, 3.79; curve 2, 3.89; curve 3, 4.51; curve 4, 5.12; curve 5, 5.73; curve 6, 6.35. (c) Plots of the0

concentration versus the elution time, t, at constant value of r 5r /R (i.e., sections of the surface in (a) by planes Y5r 5const). Values of r :
curve 1, 0.80; curve 2, 0.74; curve 3, 0.70; curve 4, 0.64; curve 5, 0.00. Inset: elution band profile obtained with the equilibrium–dispersive
model, in the case of a one-spacial-dimension column, with L 50.10; Pe 52000; L515 cm. (d) Plot of the radial position, r, versus thef a

elution time, t, at constant values of the concentration (i.e., sections of the surface in (a) by planes Z5bC5const). Values of C: curve 1,
0.005; curve 2, 0.025; curve 3, 0.050; curve 4, 0.075; curve 5, 0.100; curve 6, 0.125; curve 7, 0.150; curve 8, 0.175.

the column is operated under constant degree of the new program. In Fig. 2c, the band profile
overloading and the axial band profile at r 50 will obtained at r 50 (profile No. 5) is compared to the
remain essentially unaffected by a change in R profile calculated with the conventional backward–inj

unless the injection band becomes very narrow (see forward scheme of numerical calculations of band
later). This remark affords a method of validation of profiles in the equilibrium–dispersive model with
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one spatial dimension [1] for Pe 52000, L 50.10, parts on the side increase in relative width witha f

and L515 cm. These two profiles overlay nearly decreasing value of Pe .r

exactly. The only minor differences are the result of In none of these three cases, however, does the
a larger mesh size of the calculation grid, required to concentration become significantly different from 0
keep a reasonable run time for the calculations. close to the column wall (see Fig. 3b, for the lowest

We focus this discussion on the other important value of Pe ). In practice, an injected band coaxialr

parameters, the radial dispersion coefficient, the with the column and filling 25% of the cross-section-
column length (at constant column diameter), and the al area will be eluted under conditions of infinite-
relative ratio, r 5R /R (Eqs. (9a) and (9b)) of diameter column [26].inj inj c

the injection band and the column diameters.
3.2.2. Influence of the column length

When the column length increases at constant
3.2.1. Influence of the radial dispersion coefficient mobile phase velocity, the retention time increases

Figs. 3 and 4 show the band profiles obtained for but t 5t /t remains constant. The band profilesR 0

two other values of the radial Peclet number, 5000 change at constant value of the other parameters,
and 20 000, corresponding to ratios D /D of 2.5 and however, because the time spent by the band insidea r

10, respectively. Together with Fig. 2, these figures the column increases, hence the extent of radial
complete a series covering the practical range of the dispersion that it undergoes increases also. This
ratio D /D encountered in practical applications (see effect is illustrated by a comparison between Figs. 2a r

earlier discussion). The extent of radial dispersion of and 5, which shows the band profile obtained with a
the band increases with decreasing value of Pe , as column of length 30 cm (and the same diameter),r

illustrated by the planar sections and with bC5const hence an aspect ratio of 6. The extent of radial
(Figs. 2b, 3b, 4b). The sections in Fig. 2b were made dispersion is more important with the longer column
at the same values of t (see captions). The con- because the velocity has been kept constant, hence
centration heights are the same in the center of the the band spends twice as long in the 30 cm long
bands (horizontal part of the profiles) but the diffuse column as in the 15 cm long one. Although the

Fig. 3. Same as Fig. 2, except Pe 55000. Elution profile of an injected band covering a fractional area of 25% of the column cross-section.r

Local loading factor, 10%; column length, 15 cm; aspect ratio, 3; Pe 52000. (a) Three-dimensional representation of the band profile. (b)a

Sections of the surface in (a) by planes bC5const. Values of C: curve 1, 0.005; curve 2, 0.025; curve 3, 0.050; curve 4, 0.075; curve 5,
0.100; curve 6, 0.125; curve 7, 0.150; curve 8, 0.175.
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Fig. 4. Same as Fig. 2, except Pe 520 000. Elution profile of an injected band covering a fractional area of 25% of the columnr

cross-section. Local loading factor, 10%; column length, 15 cm; aspect ratio, 3; Pe 52000. (a) Three-dimensional representation of the banda

profile. (b) Sections of the surface in (a) by planes bC5const. Values of C: curve 1, 0.005; curve 2, 0.025; curve 3, 0.050; curve 4, 0.075;
curve 5, 0.100; curve 6, 0.125; curve 7, 0.150; curve 8, 0.175.

concentration remains low at the wall (ca. 0.011 or 3.2.3. Influence of the radial width of the injection
6% of the band maximum), it is no longer complete- band
ly negligible. The band might experience some Figs. 6 and 7 show the band profiles obtained
significant deformation if the wall region has prop- with two other values of the radial width of the
erties which are markedly different from those of the injection band, r 50.70 (fraction of the cross-inj

core [2–9]. section area, 50%) and 0.90 (fraction of the cross-

Fig. 5. Same as Fig. 2, except L530 cm. Elution profile of an injected band covering a fractional area of 25% of the column cross-section.
Local loading factor 10%; column radius, 5 cm; aspect ratio, 6; Pe 52000; Pe 510 000. (a) Three-dimensional representation of the banda r

profile. (b) Sections of the surface in (a) by planes bC5const. Values of C: curve 1, 0.005; curve 2, 0.025; curve 3, 0.050; curve 4, 0.075;
curve 5, 0.100; curve 6, 0.125; curve 7, 0.150; curve 8, 0.175.
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Fig. 6. Same as Fig. 2, except radial width of the injection band, R /R50.70. Local loading factor, 10%; column length, 15 cm; aspectinj

ratio, 3; Pe 52000; Pe 510 000. (a) Three-dimensional representation of the band profile. (b) Sections of the surface in (a) by planesa r

bC5const. Values of C: curve 1, 0.005; curve 2, 0.025; curve 3, 0.050; curve 4, 0.075; curve 5, 0.100; curve 6, 0.125; curve 7, 0.150; curve
8, 0.175.

section area, 80%), respectively. Compared to the becomes significantly different from 0 at the wall.
profiles in Fig. 2, the profiles widen with increasing This effect is most notable in Fig. 7 (r 50.90).inj

radial width of injection (see also the figures show- Already in Fig. 6, however, the concentration ex-
ing the contours in the three planar directions). For ceeds slightly 10% of the maximum peak concen-
large widths of the injection band, i.e., with r equal tration at r 50.90 (Fig. 7b, t between 5 and 5.5).inj

to or larger than 0.75, the concentration at elution Obviously, the effect depends also, and rather strong-

Fig. 7. Same as Fig. 2, except radial width of the injection band, R /R50.90. Local loading factor, 10%; column length, 15 cm; aspectinj

ratio, 3; Pe 52000; Pe 510 000. (a) Three-dimensional representation of the band profile. (b) Sections of the surface in (a) by planesa r

bC5const. Values of C: curve 1, 0.005; curve 2, 0.025; curve 3, 0.050; curve 4, 0.075; curve 5, 0.100; curve 6, 0.125; curve 7, 0.150; curve
8, 0.175.



32 T. Yun et al. / J. Chromatogr. A 828 (1998) 19 –35

ly, on the value of the radial dispersion coefficient essentially unaffected by the presence of the column
(cf. Figs. 2d, 3b and 4b). wall and, in this sense, these bands can be considered

The cross-sections of the band profile (Figs. 2a, 6a as eluted under conditions of infinite column diam-
and 7a) made in the direction of the radial position, eter. In order to illustrate an actual case, as it was
by planes r 5const, give curves which are quali- achieved with on-column, central syringe injection, a
tatively similar to the plots of the peak height versus calculation has been made with a value of r 5inj

the radial position or radial concentration profiles 0.010, corresponding to an injection covering only
reported by Eon [4], provided one takes into account 0.01% of the inlet cross-sectional area of the column
the effect of a finite width of the injection band on while the other parameters remain the same as for
these distributions. For normalization purpose, this Fig. 2. The sample size corresponds to a loading
author defined a critical column length, L , as the factor equal to 10%, based on the injection area. In1

length for which the peak variance is one-quarter of other words, the actual loading factor of the column
the column radius (Eqs. (12a) and (12b)). In the is 0.001% (a tiny amount, corresponding to an
particular case of our figures, the value of L is 88 analytical size injection, if it were not for its most1

cm (with Pe 510 000). This is why the concen- heterogeneous distribution over the inlet cross-sec-r

tration of the elution bands is different from 0 close tion of the column). A high concentration and a high
to the column wall only in the cases of very wide degree of non-linear behavior is achieved at the
injection pulses (Fig. 6). column center but dispersion proceeds in both the

A quantitative comparison between the curves in axial and radial directions. When the local con-
Figs. 2b, 3b, 4b, 5b, 6b and 7b shows, however, that centration has decreased more than ten-fold, the
the conventional approach discussed in connection behavior tends to become linear and all concen-
with the derivation of Eqs. (16a)–(16d), (17a)–(17c) trations move at the velocity u /(11Fa).
is simplistic and does not provide a satisfactory The results of the calculation are shown in Fig. 8.
solution under nonlinear conditions. Note that, in Note that the elution profile of the band (see espe-
nonlinear chromatography, the rule of variance ad- cially the section by the vertical plane r 50),
ditivity is not valid because the convolution is shift- exhibits a steep front (shock layer) caused by the
variant [28]. Thus, Eq. (17b) is based on a model of nonlinear behavior due to local overload and a
the radial concentration distribution given by two Langmuir isotherm. The high concentrations migrate
errors functions, one on each side of the band, faster than the low ones and the front is self-sharpen-
located at r 5r and having a constant standard ing. Note also that the isoconcentration profiles atinj

deviation. It predicts that, if the injection diameter, low concentrations (Fig. 8) have the shape of an egg,
r is less than 0.91, the concentration at the wall with the small end around the front shock layer. Thisinj

will be negligible. We see in Fig. 7d that the radial is again explained by the fact that high concen-
distribution of the concentration is well predicted by trations move faster than low ones. On the side of
an error function on each side of the band. However, the band, the concentrations are lower than in its
the location of the inflection point of the error center, and they tend to be left behind. Obviously, an
function depends on the location of the section. It increase in the value of the axial or radial Peclet
moves closer to the wall with increasing retention number would result in a less important axial and
time while the standard deviation increases. radial spreading of the band. The band would

become less dilute; shorter along the time axis,
3.3. Radial band broadening during elution under narrower and taller. However, it is clear that, for the
conditions of infinite column diameter value of the radial Peclet number used, the con-

centration at the wall is entirely negligible. This band
Figs. 2–7 show the elution profiles corresponding profile illustrates band migration under the infinite

to relatively wide injection bands, wide enough for column diameter effect. It never experiences any
the concentration to reach values which are not perturbation in the properties of the packed bed due
always entirely negligible close to the column wall to the proximity of the column wall. Because the
(e.g., Fig. 5). However, the band profile remains radial dispersion is so slow compared to the migra-
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Fig. 8. Same as Fig. 2, except radial width of the injection band, R /R50.010. Elution profile of an injected band covering a fractional areainj

of 0.01% of the column cross-section. Local loading factor, 10%; column length, 15 cm; aspect ratio, 3; Pe 52000; Pe 510 000. (a)a r

Three-dimensional representation of the band profile. (b) Sections of the surface in (a) by planes bC5const. Values of C: curve 1, 0.005;
curve 2, 0.020; curve 3, 0.040; curve 4, 0.060; curve 5, 0.080.

tion of the band along the column, an overloaded sample would be injected to keep the resolution
elution profile is achieved in spite of the very low constant. The actual loading factor achieved by
global loading factor of 0.001%. This illustrates one reducing the area covered by the injected band at
of the practical drawbacks of central injection for constant sample density decreases, however. Whether
analytical applications. the balance between the two effects, production gain

achieved through better efficiency with a centrally
injected band and loss caused by the reduction of the

4. Conclusions useful section area of the column will be positive is
unclear and depends much on the degree of homo-

In most columns, the bed is heterogeneous close to geneity of the packing achieved in a specific case.
the column wall. In such cases, the column efficiency The implementation of the concept of a column
appears poor because the band moves at different with an infinite diameter was originally suggested by
velocities in the region close to the wall and in the Knox and Parcher [26] for analytical columns. It is
core region [6–9]. Then, it becomes warped and the not compatible with valve injection. It could be
apparent efficiency is lower than the local efficiency effectively reduced to practice only for the large
[10–12]. The core part of the packing is rather scale preparative columns used in industrial sepa-
homogeneous and exhibits a higher local efficiency rations. The importance of the wall region in such
than the wall region [8,9]. The deleterious dispersive columns is unknown as well as the extent of the
effects of the difference between the convective and amount of dispersion that it might cause. The only
dispersive properties of the core and the wall regions published study suggests that the wall region is thick
could be avoided by using only the core part of the and, at least in some cases, causes significant loss of
column. This could be achieved by distributing the performance. In such a case, the process could be
feed injected over a central region of the column. interesting mainly when high purity products are
During its elution, the injected band would not required because a high resolution is needed. Then,
migrate through the wall region and would not be the gain in production achieved by avoiding the use
warped. This procedure would afford less dispersed, of the wall region may be worth the cost. This
better separated component bands, hence a gain in includes the reduced throughput and the design and
recovery yield or in production rate if a larger construction of a special coaxial inlet to allow a
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sheet of mobile phase along the wall while the feed u Mobile phase flow velocity (Eq. (1))
is centrally injected. x Coefficient in the general plate height equation

(usually assumed to be equal to unity) (Eqs.
(18a) and (18b))

5. Symbols z Distance along the column (Eq. (1))

A Courant number of the problem (Eqs. (14a) 5.1. Greek characters
and (14b))

a Numerical coefficient in the Langmuir iso- x Reduced axial position (Eqs. (6a)–(6f))
therm (Eq. (3)) g Tortuosity of the column bed (Eqs. (18a) and

b Numerical coefficient in the Langmuir iso- (18b), Giddings plate height equation)
therm (Eq. (3)) dt Time increment in the numerical calculation

C Solute concentration in the mobile phase (Eq. (Eqs. (14a) and (14b))
(3)) dz Length increment in the numerical calculation

C Numerical coefficient (Eqs. (18a) and (18b), (Eqs. (14a) and (14b))
Giddings plate height equation) ´ Total column porosity (Eq. (1))

C Concentration of the injected sample (Eqs. l Numerical coefficient (Eqs. (18a) and (18b),0 i

(9a)–(9c)) Giddings plate height equation)
D Numerical coefficient (Eqs. (18a) and (18b), n Particle Peclet number or reduced velocity

Giddings plate height equation) (Eqs. (18a) and (18b))
D Apparent axial dispersion coefficient (Eq. (1)) r Reduced column radius (Eqs. (6a)–(6f))a

2D Molar diffusivity (Eqs. (18a) and (18b)) s Variance of the band in the radial directionm r

D Radial dispersion coefficient (Eq. (4)) (Eq. (15))r

d Average particle size (Eqs. (12a) and (12b)) t Reduced time (Eqs. (6a)–(6f))p

F Phase ratio [F5(12´) /´] (Eq. (1)) F Column aspect ratio (Eqs. (6a)–(6f))
F Mobile phase flow-rate (Eqs. (9a)–(9c)) v Numerical coefficient (Eqs. (18a) and (18b),v i

H HETP of the column in the axial direction Giddings plate height equation)a

(Eq. (2))
H Radial plate height (Eq. (5))r

L Column length (Eqs. (6a)–(6f)) Acknowledgements
L Length for which the peak variance in the1

radial direction is one-quarter of the column This work has been supported in part by Grant
radius (Eqs. (12a) and (12b)) DE-FG05-88ER13859 of the US Department of

L Loading factor Energy and by the cooperative agreement betweenf

L Loading factor density along the column axis the University of Tennessee and the Oak Ridgef

(Eqs. (9a)–(9c)) National Laboratory. We acknowledge the support of
n Injected amount (Eqs. (9a)–(9c)) our computational effort by the University of Ten-
Pe Axial column Peclet number (Eqs. (6a)–(6f)) nessee Computing Center.a

Pe Radial column Peclet number (Eqs. (6a)–(6f))r

q Solute concentration in the stationary phase
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